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Fractions and the real world - Howard Phillips

To be successful in teaching almost anything to almost anybody it is highly desirable that they have some background which can be built on. It also helps if they see a purpose in learning something new, either because it is, or they think/hope it is, going to be interesting, or that they feel that 'life' will be enhanced by the new knowledge, facilities, understanding (any order here).

EKW: I agree. I’d like to focus on adult learners as the audience, which means that they come with a lot of real world experience with the use of fraction language.  

Math teaching is fairly good at moving on from "easy math"to "harder math", but it is pretty useless at developing mathematical ideas and procedures from prior knowledge and experience that is not viewed as "math". Fractions is a classic example of this.

So the first part of what follows is a list of "fraction speak" sentences used in everyday language, and this should be our starting point.

1. 
Give me half your sweets.
2. 
Arecibo is halfway from Mayaguez to San Juan.
3. 
It's  a big pie. You can have a quarter (fourth) now and another quarter tomorrow.
4. 
I bought two and a quarter yards, as it was sixty inches wide.
5. 
I need six pieces of wood, each three and five eigths long.
6. 
I'll  make a big batch today, a pound and a half each of butter, flour and sugar.
7. 
Damn ! This ruler is marked in tenths !
8. 
My half the size of their house, and they complain about lack of space.
9. 
It said fifty percent off. Off of what ?
10. 
My car has a three and a half liter engine.
11. 
The stock market fell by a quarter in the last crash.
12. 
I'll just check the spark plug gap on the trimmer. It's supposed to be thirtytwo thou's.
13. 
I need to make a bigger batch. What do I do ?  You have to make it proportional.
14. 
take a fraction off. It will fit then.
15. 
That drawing is real bad. The proportions are all wrong.
16. 
It is taking two turns of the pedals for one turn of the wheel. Why don't  you change gear. it alters the ratio.
17. 
In the age group 20-29 the ratio of females to males is 100 to 104.
18. 
Half of twelve is six, isn't it ?
19. 
House prices rose by 1o percent last year.
20. 
My credit card has an APR of seventeen percent.
21. 
There's a fifty percent chance of rain today.
22. 
It's fifty-fifty, it's evens.
23. 
I just placed a daring bet, the horse was on at fifty to one.
24. 
The proportion of old people in the population is rising every year.
25. 
The moon is a quarter of a million miles away.
EKW: Rachel has an activity she uses with kids that she calls people fractions.  She’ll get a group of kids (let’s say 5 kids) in front of the room and will say “3 out of 5 of the group is wearing jeans.  Then shes asks what would be the partner fraction. “2 out of 5 of the group is NOT wearing jeans.”  Then she’ll say “5 out of 5 of the group are in Grade 4.” The partner fractions is “0 out of 5 of the group are not in Grade 4.”  Then she’ll get them to make up their own people fraction statements.  I taped her doing a class with my ipad, but have never edited it.  I should do that. 

This is nice, but I am not so sure about the 0/5 as a ”part” or a “partner fraction” or even as a fraction. The word “fraction” causes problems, I would like to see it as a short term for “fractional numbers” (that we call “unsigned rational numbers”, more or less!). This would have to include the whole number ones, eg 10/5 or 2/1, and then naturally the zero fractional number.

I agree that the word “fraction” causes problems.  Linguistically, when we use the word fraction, it is often understood to mean “a fraction of” or “a part of”.  The noun that comes after “of” is the whole and indicates multiplication by a fraction.  I see this usage as have the underlying aspect of “scaling down”, which means the fraction is > 0, but <1. In real world conversation, when we scale up, we usually switch to percentage language.  

I like the fact that in the Common Core, fractions are introduced early on as actual numbers that lie on a number line between the whole numbers.  Hopefully as more students learn this way, the word fraction will cause fewer problems.

In the real world the word “fraction” is generally used very loosely, as in “It’s not level yet, move your end up a fraction” or “I’m only getting paid a fraction of what I was earning 10 years ago”.  “Proportion” is a bit more used and more precisely too. More common  ways of speaking about fractions are “How much of your inheritance have you got left?”, etcetera.

When talking about ratios people use fraction words in both directions, as in “My piece of cake is less than half the size of yours”, and “” my new job pays two and a half times as much as my old one”. Lots of variety out there. 

The use of linking words:

"of", "as <adjective> as", "the <noun> of",  where <adjective is big, small, wide, heavy, long, etc, and <noun> isheight, weight, age, etc.

Most of the time people use these, and have a pretty good idea of what they mean.

What I think our aim should be is to show that parts, fractions, ratios, proportions and percentages are all very similar, and can all be described or measured with "fractions".

I suggest that the readers are presented with problems in normal language, which they can have a go at by any means available, including common sense, guesswork or prior knowledge.

Only then is it appropriate to dig a bit deeper, introduce the fraction as a number, used for measurement or "part of", let it be seen as a division process, and introduce them to or remind them of the formal notation as a division, and hence a number.

EKW: I agree that we should start with fractions in everyday language.  Operations on fractions have the same effect as operations on whole numbers, but the effect is often counterintuitive.   Especially in division and multiplication. What I mean is that when we divide 8 by 2, we are asking “how many times does 2 go into 8?”  When we divide 8 by 1/2, we are asking “How many 1/2’s go into 8.?  When asked in that way, it is obvious why the answer is 16.  It is not as obvious if we just say that 8 divided by (1/2) = 16.  ( I can’t get my equation editor to work to put in the division sign).  When we divide 2/5 by 3/4, it’s not so easy to figure out, but we can estimate that it will be smaller than 1, since 3/4 is larger than 2/5, so when we ask how many times does 3/4 go into 2/5, we know our answer will be some fraction less than 1 and somewhere near 1/2 if we can envision where 3/4 and 2/5 are located on a number line from 0 to 1. If we get a common denominator, we can envision the division more clearly.  How many times does 15/20 go into 8/20? It goes in 8/15, which is pretty close to 1/2. 

If they can see that 2/5 divided by 3/4 is the same process as finding the ratio of  2/5 to 3/4 then they can go forward and start multiplying top and bottom by …..

Students learn early on that when we multiply 2 positive factors (whole numbers ?)) (yes) the product is greater than either factor.  Then we throw in fractions and that idea is thrown out the window.  When we multiply 1/2 x 3/4, our product is less that both factors.  If we introduce multiplication as “scaling” (stretching or shrinking), and that each factor acts a scalar on the other factor, then this can clear up the mystery. When a factor has a value between 0 and 1, it will shrink the other factor.  When a factor has a value between 1 and infinity, it will stretch the other factor.

 Why does 1/2 x 3/4 give us 3/8, which is smaller than 1/2 and smaller tha 3/4? 

The product 3/8 is smaller than 1/2 because 3/4 acts as a scalar on 1/2.  Since 3/4 is smaller than 1 (which is neutral and the identity scalar), then 1/2 will be “scaled down” by a factor of 3/4.  The product 3/8 is smaller than 3/4 because 1/2 acts as a scalar on 3/4. Since 1/2 is less than one, it acts to shrink 3/4 by a factor of 1/2.  

There are occasions when the pizza comes in handy ! 1/2 x 3/4 is the size of half of 3/4 of a pizza, so naturally it will be smaller.  Sometimes students are almost encouraged to forget about reality, and are expected to understand the notation in purely symbolic terms. 

I agree that real world examples are extremely important. But not just as examples, as a way of finding meaning in abstractly written statements, as an aid to thinking and visualisation.

EKW 1-10-14

Some basic ideas:       note: nos 9 to 13 are comments on your initial jab.

1. 
In measurement, 2/3 means the size of 1 part obtained when 2 units of the "thing" are split into 3 equal parts.
2. 
In "parts",  "2/3 of" is an action in which the "thing" is imagined to be split into three parts, and 2 of the 3 parts is the result of the action. (not too happy with this!)
EKW: See my response to # 4 below. I understand the distinction you are trying to make here.  

3. 
In "proportions", 2/3 of the population eats meat means that (on average) 2 out of every three people are meat eaters.

4. 
In "ratio", a ratio of 2 to 3, say when one gear wheel has 20 teeth and it drives another with 30 teeth, can be expressed as "the first has 2/3 the number of teeth that the second one has".
EKW: If we say the ratio of girls to boys in a group is 2 to 3, we mean 2/5 of the group is girls and 3/5 of the group is boys. It is also true that the number of girls is 2/3 the number of boys.  It is often confusing to students when we say that ratios are the same as fractions, because with ratios, there is always an understanding that we are talking about “of something” with that something being the whole.  In your example with gears,  one of the two gear wheels has 2/5 of the total number of teeth and the other has 3/5 the number of teeth, but it’s also true that the first gear wheel has 2/3 the number of teeth that the second one has. This highlights the importance of “units” (or labels) and when we are talking about a fraction other than one on the naked number line which only represents a numerical value, we always have an understood “of what” attached to the fraction.  Same with percents.  50% doesn’t tell me much.  50% of my salary tells me a story.  

However, in the case of the gear wheels the total number of teeth is fairly irrelevant. We are intersted mainly in the ratio, which is a number with no units.

Point taken. But when using ratios, aren’t there nouns attached?  The gear ratio is 20 teeth to 30 teeth.  When we put this into a fraction of 20 teeth/30 teeth and reduce, we in effect divide by 1 in the form “10 teeth/ 10 teeth” to arrive at the gear ratio of 2/3. 

What about two pulleys and a belt? What measurements are we going to use for the ratio? radius, diameter, circumference? the units disappear the moment we think of “ratio”, so 20teeth/30teeth is a ratio of 20 to 30, which can then be reduced to 2 to 3.

5. 
If I chop a "thing" into 4 equal parts and take 3 of them I have 3/4 of the thing. If I chop it into 8 equal parts and take 6 of them I have 6/8 of the thing. 6 small bits out of the 8 small bits is the same amount of the "thing" as 3 of the 4 larger bits, so as numbers 6/8 = 3/4, and so on...

6. 
So the following are all different ways of writing (representing) the value of the fraction: 3/4, 6/8, 75/100, and then 0.75 as well.
EKW: Every fraction has an infinite number of aliases, all of which can be found by using the identity property of multiplication in the form of multiplying and/or dividing by a form of 1 that suits one’s purpose.

7. 
Multiply the top and the bottom by the same number, fraction value is not affected. This is crucially important. 

EKW: The identity property of multiplication.  Rachel calls this the Magic One.

Guess what ? I spent 7 years of my life studying math and never heard of  “ The identity property of multiplication”.  School math is weird. In abstract algebra the “thing” that when combined with any of the other “things” is called “the identity” for that system. Thus “the identity matrix”, and others.  Sometimes this desperation to give everything a name gets in the way of common sense. No-one is going to be confused by the statement “If I buy one bag of 25 sweets then I end up with 25 sweets”. 

Perhaps rather than using the words “identity property”, it’s better to say that 1 is the identity element for multiplication, as 0 is the identity element for addition.  Many students have a hard time with the fact that any fraction on the number line can be expressed in an infinite number of ways.  The way to find a new name is to multiply or divide by 1 in the form of, say 3/3 or 10/10. This is why Rachel calls it the “magic one”. 

8. 
Same goes for divide.

9. 
I am not happy with "1/2 means 1 broken into 2 equal parts". Better to say "" 1/2 means the size of one part when 1 ( or the unit)  is broken into 2 equal parts.
EKW: Much better wording.

10. 
I agree entirely with you about proper and improper fractions and mixed numbers.
11. 
Fractions and number bases don't have anything to do with each other that is of any use. Number bases are best looked at when considering place value notation.
EKW: I agree.

12. 
I know that the CCSS goes on about unit fractions, but this is SO obvious that to treat them as something special is not necessary. Since 1/3 = 2/6 = 25/75, we have a small logical problem about the definition. 1/3 is not the fraction, it is a representation of the fraction. (me nitpicking). 

EKW: I don’t think that unit fractions are obvious to everyone.  I have run across MANY teachers who had never thought of 3/4 being 3 copies of 1/4.  In general, I think that composing and decomposing numbers is not emphasized enough in math education…or life.  Many calculations can be made much simpler by decomposing and recomposing numbers.  I agree entirely  with this.

The focus on unit fractions also helps make it clear why  common denominators are necessary when adding and subtracting fractions and connects to the idea in algebra that we can only add or subtract like terms.  (…collect like terms.) I like the phrase “collect like terms”.  Once students learn about “signed numbers” (positive and negative numbers), we no longer add or subtract.  Instead, we really collect all the positive numbers together, collect all the negative numbers together, and then have them “go to war”. For example -1 + 2 -3 + 4 can be expressed as  -4 +6 = +2 because (-4 + 4) + 2 = 0 + 2 = 2

We also had “take out the common factor”. I have actually, and recently, seen this operation described as “using the distributive law in reverse”. I cried with both laughter AND despair.

I am one of those you would laugh at and despair of! I can’t figure out how to do drawings in Google Docs.  (In fact, I’m pretty lame at using Google Docs, even though I know that it’s supposed to be easy. Perhaps you can tutor me on their use!) I will send a Word document to explain what I mean.

3/4 = 1/4 + 1/4 +1/4 = 3 X 1/4

13. 
Since fractions are numbers then it should be possible to multiply and add two of them together. The two questions are a) how? and b) why?  We must have answers to why? before we embark on how? . It does seem to me that proportions can only be added, ratios can only be multplied, measurements can be added if in the same units, and multiplied when it makes sense, even with different units: force=mass X acceleration, power = voltage X current, and length X length = area, and this applies to fractional measurements just as to whole number measurements.
EKW: I like the idea of emphasing that “units” such as feet or seconds are acted upon by arithmetic operations (as well as the numbers being acted upon).  When we have 25 feet in 5 seconds, we divide to get 5 feet/sec. This reminds me of the different ways we use “unit” in math.  

Unit means one

Unit is a noun to describe the size of a measurement (feet (foot), second, degree)

Unit fraction is a fraction with numerator = 1

14. 
Fractions can be applied to quantities (often overlooked), for example one third of 12, and it doesn't matter about the "of what?".  So one third of 12 is 4, we all know that. But 12 divided by 3 is 4 as well. Coincidence? hardly, it's the same process. So we can see that "1/3 of" is the same as "divided by 3".  It doesn't take too much to see that "2/3 of" is the same as 2 times "1/3 of". ........

15. 
If we take 1/3 of 12 and then take 1/2 of that then we get 2.  This can be written as                 1/2 of (1/3 of 12) = 2 which is 1/6 of 12.  A small step to (1/2 of 1/3) of 12 and then multiplication ! !  1/2 X 1/3 = 1/6 
EKW: The associative property is a wonderful thing…as is the commutative, identity, and distributive properties.  These properties are great tools for making sense of numbers… messing around with their order or messing with what numbers they are combined with. But I would avoid using these precise terms. What really matters is knowing when it is ok to mess around with order and when it is definitely NOT ok. Perhaps they could be called the rearranging and regrouping properties.

Rachel is a stickler for using the real names for properties.  I’ve often heard her say, “If kids can say Tyrannasaurus Rex, they can say commutative.”

16. 
Adding fractions: Woodworkers do it, engineers do it, but they are both careful to stick to "easily addable fractions".  That is halves, quarters, eighths, sixteenths, thirtysecondths. . . . and initially this is quite adequate. Decimal fractions can happily deal with all other cases. 

17. 
Use of "real things". I am thinking here of rulers, tape measures, meters of various types (analogue).
18. 
Construction of fraction values on the number line. This is so simple it has always amazed me. Very important.  Arithmetic with fractions using the number line, or several number lines together - illuminating and fun. I have several posts on this. Note that the number line for whole numbers does not have to have equal spaces between successive numbers, and can be curved if desired !
EKW: I need clarification on “Note that the number line for whole numbers does not have to have equal spaces between successive numbers.” For curved do you mean circular, similar to the unit circle (another use of that word unit!) and radian measure, where each rotation adds 2 pi to the measure, so pi/6 is at the same location as 2 pi + pi/6 and 4 pi + pi/6? 

This was me stirring it a bit. The point is that with the “number line” for the natural or counting numbers the only points on the line are the ones labelled 0, 1, 2, 3, …… and the only activity is stepping forwards or backwards from one labelled point to the next. To use equal spacing and a straight line and then doing things by measurement begs so many logical questions. Only when we invent fractional values, and are actually talking about measurement is it desirable to have a straight line with equal steps. It is called a ruler !

Postscript

When it comes to multiplying with fractions (the most natural activity) it is essential to consider “one” ,  the multiplicative identity, and talk about reciprocals. Then the problem of dividing by a fraction just goes away.

Can you expand on your statement “the problem of dividing by a fraction just goes away”? 

Yes! Dividing by a number is the same as multiplying by its reciprocal (or multiplicative inverse. You’ll have to write this out in algebra form, but here goes:

(3/5)/(2/7) = (3/5)*(7/2)/((2/7)*(7/2)) =(3/5)*(7/2).  I like this way to illustrate that division of fraction is like multiplying by the reciprocal.  I think that in order to make it clear to students, they must understand that the “fraction line” means divide.  I tell students (and teachers!) that the common notation for division (line with a dot on top and bottom) is a shortcut that indicates that fractions are a division of the top number (top dot) by the bottom number (bottom dot).  They are usually blown away by this.  

Proportions can be added but not multiplied together. (Examples?)

1/3 of the population earns less than $400 per month, 1/5 earns between $400 and $700 per month, and it makes sense to conclude that (1/3 + 1/5) of the population earns $700 or less permonth.

OK, my statement is too strict !

Half the families own two or more cars and 2/3 of these own their own house, 

so 1/2 * 2/3 of the families, that is 1/3 of all the families own their own house AND have two or more cars. 

Ratios can be multiplied but not added together (Examples?) Gear trains I’m really bad at anything mechanical, so can you elaborate on this with an example? 

Measurements can be added and multiplied together provided it makes sense. 

Green added by Howard 1/8/15

Red added by Elaine 1/9/15

Purple added by Howard 1/9/15

Dark blue added by Elaine 1/10/15

